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Using two newly discovered [40,20] codes and a [40,20] code, which is 
equivalent to a known one, we construct three non-isomorphic even unimodular 
extremal lattices of rank 40. Next we show these lattices are distinguished by their 
Siegel theta-series of degree 2. 0 1988 Academic press, IK. 
1. INTRODUCTION 
In [12], we discovered a new method of defining doubly even self-dual 
[2n, n] codes from Hadamard matrices of order n when n = 4 (mod 8). As 
a consequence of the method, we gave two new doubly even extremal 
[40,20] codes and one doubly even extremal [40,20] code, which is 
equivalent to a code explained in [6, pp. 507-5091. It is known that we can 
define an even unimodular extremal lattice of rank 40 from any one of such 
codes (cf. [S], [14], or [ 153). 
Let f?, , !&, and .C3, respectively, be the lattices obtained in this way 
from the above codes. In this note, we first briefly describe the construction 
of the lattices from the above codes. Next, we show that the lattices tii, &, 
and $3 are not isomorphic to one another. Finally, we show that the Siegel 
theta-series $,(Z, Qj) of degree 2 attached to these lattices Qi (i= 1,2, 3) 
are different from each other. More precisely, we show that 9,(Z, !Zi) - 
9,(Z, !Zj) (i # j) is a multiple of the special cusp form xfo of weight 20, 
where xl0 is the normalized cusp form of weight 10 belonging to the full 
Siegel modular group of degree 2. This phenomenon is an interesting one 
when we compare this case with the cases of lattices of rank 24 and 
rank 32. In these cases, two lattices of the same rank have the identical 
theta-series of degrees 1, 2, and 3 if the root sublattices of the lattices are 
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isomorphic (cf. [9], [2], or [3]). This line of investigation originated in a 
work of Witt [17]. 
The existence of lattices without 2-vectors would be a main obstacle to 
gaining a good understanding of the problem of classifying positive definite 
quadratic lattices. Therefore, it would be worthwhile to try to collect 
important features of such classes of lattices. The present work is such an 
attempt. 
2. DEFINITIONS OF THE LATTICES I?,, (h = 1,2, 3) 
For the general reference for codes, one may see [6] or [13]. In the 
Appendix, we give generator matrices C$b), Cg), and C&i), respectively, of 
the doubly even self-dual [40, 201 codes 6, =(X(&X,,,,), & = &(NH,,,,), 
and (XX = &(NH,,,3), respectively, which are treated in [12]. Let 6 be any 
one of the above three codes. Let R be the real number field and 
e,, e2, . . . . edO be the vectors in R4’ with the inner products defined by 
(ei, ej) = l/2 6tj, 
where 6, is Kronecker’s delta. Let Z be the ring of rational integers. The 
lattice L(E) is defined to be the set of the vectors 
x=t,e,+t,e,+ ... +t40e40, fiEZ, 
where the coefficient vector (tl, . . . . f,,) is congruent modulo 2 to a 
codeword of 6. The lattice L(E) is even unimodular and of type 40A,. 
Namely, the a-vectors in Q(E) form a root lattice of type 40A1 (an 
orthogonal sum of 40 copies of A,). We say that an element x in an even 
unimodular lattice L is a 2m-vector if x satisfies (x, x) = 2m. Let { be a 
vector defined by 
Putting 
5 = 1/2(e, + e, + . . . + e39 - 3e,,). 
M,= {xW~)I(x, OEZ} 
then L,(E) is an even unimodular lattice without a 2-vector of rank 40 (cf. 
[IS]). If we take (X = E,, (h = 1, 2, 3), then we obtain three even 
unimodular lattices 2, = L&Q,), f!z = L&a,), and 5?3 = L&C,). Let A4,h be 
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the set of 4-vectors in the lattice !Z,, (h = 1, 2, 3). The set A4.h consists of 
elements of the forms 
+ 2e, & 2ei, l<i<j<40 
t,,e,, + fjze,? + . . + lj8ejg, 
(1) 
(2) 
where the integers t,,, fi2, . . . . tj, satisfy the conditions 
they are all k l’s (3) 
fi b,, = I (4) 
k=l 
the coordinate positions j,, . . . . j, correspond to a codeword 
of weight 8 in the code Eh. (5) 
We call 4-vectors of the form (1) a-type 4-vectors, and 4-vectors of the 
form (2) P-type 4-vectors. 
3. ARITHMETICAL INVARIANTS OF THE LATTICE 2,, 
We define some arithmetical invariants associated with the lattice L!!h 
(/z=1,2,3). For XEA~,~, let v,(x) be the cardinality of the set 
1Y~&hI(x~Y)=~l. 
The values v,(x) vary according to the choices of x and h. However, the 
values v,(x) and their multiplicities, each of which is the number of x E A4,h 
such that v,(x) equals a fixed value, are seen to be invariants of the 
isomorphism classes among even unimodular extremal lattices of rank 40. 
We can easily show that v,(x) is non-zero unless Y = +4, +2, & 1, 0 by 
using the fact that no lattice contains a 2-vector. It is also easy to see that 
v,(x)=v~,(x) and v,(x)= 1 (cf. [16] or [ll]). 
We let (a, h, c) denote the binary matrix 
The number of representations a( (a, b, c), !Gh) of 2( a, 6, c) in the lattice II!,, 
is defined to be the number of solutions of pairs of vectors x and y in 9,, for 
the equations 
(x, x) = 2a, (x,y)=h (y,y)=k 
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where ( , ) is the inner product of the lattice V,,. We pick up some special 
matrices T, defined by T, = (2, r, 2) for Y = 0, 1, 2, 4. Then we can associate 
the quantities V,(X) with the numbers a( T,, $,,) in the following manner: 
4Tr, 2/r)= 1 v,(x). (6) 
x E l4.h 
We shall calculate v,(x) for x E A,,, explicitly. 
Before doing so, we need some information about the code CCh which 
underlies the lattice f!!h. In [ 121, we introduced a system of invariants, the 
indices ind(m, n) for each code Eh associated with the pair of coordinate 
positions (m. n) with 1 6 m < n 6 40. Here we restate the definition. Usually 
a codeword of weight 8 in a code is called an octad. Let Oh be the set of all 
octads in the code 6,. An octad u is said to pass through a pair of coor- 
dinate positions (m, n) if the mth and nth coordinates of II have the value 1. 
By ind(m, n), we mean the number of octads which pass through (m, n). 
We now define further invariants for the code, which are necessary for 
our present calculation of a( T,, 9,)‘s. The supplementary index s-ind(m, n) 
is defined to be the number of octads v which have the value 0 at the mth 
and nth coordinate positions of v. The half-index h-ind(m, n) is defined to 
be the number of octads v which have the value 1 at the mth or the nth 
coordinate but do not pass through the pair of coordinate positions (m, n). 
We prove 
LEMMA 1. Let (m, n) be the pair of coordinate positions with 1 d m c 
II < 40. If ind(m, rz) = k, then the half-index and the supplementary index are 
given bJ> 
h-ind(m, n) = 114 - 2k 
and 
s-ind(m, n) = 171 + k. 
Proqf By a theorem in [ 11, all octads in Dh form a l-design. It is 
known (e.g., [7]) that the number of octads in a doubly even extremal 
[40, 201 code is 285, and the parameters of this l-design are (40, 8, 57). 
Thus the number of octads which have the value 1 at the mth coordinate is 
57. Of these 57 octads, k octads have the value 1 also at the nth coordinate, 
and we must have 
h-ind(m,n)=(57-k)+(57-k) 
= 114 - 2k. 
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The second formula of the lemma can be easily obtained from the relation 
s-ind(m, n) + h-ind(m, n) + ind(m, n) 
= ID,,I = 285, 
which is a direct consequence of the definitions of the invariants. Q.E.D. 
There are still other kinds of invariants for the code gh, which are also 
necessary for the calculation of a( T,, 2,). Let ZI, be as before and II and v 
be two octads in 0,. After [ 131, we use II * v for the number of common 
positions of u and v taking the value 1. The relation 
wt(u + v) = wt(u) + wt(v) - 2(u * v) (7) 
holds, where wt(u) is the weight of u. For a fixed octad vg, we define the 
numbers pLi(v,J as the cardinality of the set 
Since the three codes Er, &,, C& are doubly even with the minimal weight 
8, the numbers pj(v,) are non-zero only when j = 0, 2, 4, 8. For example, if 
we have ,u~(v~) #O then there is a codeword of weight 4 because of (7). 
Since the cardinality of each Q, is 285, we see that 
PO(VO) + PZ(VO) + /dvo) + PS(VO) = 285 (8) 
holds for any v. in 0,. Note that pLg(vo)= 1. The numbers pj(vo) together 
with their multiplicities are clearly invariants of the equivalence class of 
codes. 
To determine the values of ind(m, n) and pj(vo), we must resort to an 
electronic computer. We resume the computation of some of the above 
invariants: 
When (X=(5,, we have 
for 20 pairs of positions (m, n), ind(m, n) = 0, 
for 380 pairs of positions (m, n), ind(m, n) = 9, 
for 380 pairs of positions (m, n), ind(m, n) = 12; 
for each v in 0,) pq(v) = 12 and pZ(v) = 200. 
When 6 = K5,, we have 
for 700 pairs of positions (m, n), ind(m, n) = 9, 
for 80 pairs of positions (m, n), ind(m, n) = 21; 
for 160 octads v in o,, ~Jv) = 12 and ,u~(v) = 200, 
for 120 octads v in oZ, p4(v) = 24 and p*(v) = 176, 
for 5 octads v in nZ, pLq(v) = 48 and puz(v) = 128. 
(9) 
(9.1) 
(9.2) 
(10) 
(10.1) 
(10.2) 
124 MICHIO OZEKI 
When C = (X3, we have (11) 
for 740 pairs of positions (m, n), ind(m, n) = 9, 
for 40 pairs of positions (m, n), ind(m, n) = 33; (11.1) 
for 240 octads v in O,, p4(v) = 24 and pLz(v) = 176, 
for 45 octads v in XI,, ~Jv) = 48 and am = 128. (11.2) 
Now, we calculate the quantities v,(x) for x E A,,, (h = 1, 2, 3). The 
support of an a-type 4-vector x = f2e, + 2e, (1 < m < n < 40) is the pair of 
coordinate positions (m, n) and is denoted by 
supp(x) = Cm, n). 
The support of a P-type 4-vector 
x=ti,ej,+t,,e,,+ ... +f,8ej8 
is the octad with which the vector x is associated and is denoted by 
supp(x) = (0, . . . . 0, ;‘, 0, . ..) o,;, 0, . ..) 0, ;“, 0, . ..) 0) ED,. 
LEMMA 2. Let the notations be as above. Let x be an u-type 4-vector and 
supp(x) = (m. n) with 16m <n 640. Then the numbers v,(x) (r=O, 1,2) 
are given by 
(i) vO(x) = 2814 + 26 .ind(m, n) + 2’. s-ind(m, n) 
= 24,702 + 192 . ind(m, n), 
(ii) v,(x) = 26. h-ind(m, n) 
= 7296 - 128 ind(m, n), 
(iii) v?(x) = 152 + 2’ .ind(m, n). 
Proof of (i). We may assume that the 4-vector x has the form x = 
2e, + 2e,,. First we count all cc-type 4-vectors y such that (x, y) = 0. Such 
4-vectors are clearly exhausted by 
p#m,n, q#m,n, p#q 
and 
y = f2e, f 2e 4’ 
Y = Se,, - e, 1, 
and the number amounts to 4 x (‘,” 
that (x, y) = 0 are exhausted by 
) + 2 = 2814. The P-type 4-vectors y such 
y=t e II II + ... + ti8e,8, (12) 
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where non-zero coordinate positions of supp(y) are all different from m and 
n, and 
y= *(em--ee,)+tj,ei,+ ... +t,ej8, (13) 
where supp(y) passes through (m, n). In (12), the coefficients tj,, . . . . rjs can 
run under the conditions (3) and (4), and the number of a-type 4-vectors of 
the form (12) is 
27 .s-ind(m, n) = 27( 171 + ind(m, n)). 
In (13) the coefficients t ,,, . . . . tjK are all * l’s satisfying 
kfi3 t,, = -1. 
Since there are 26 4-vectors y with the same supp(y), the number of b-type 
4-vectors of the form (13) is 26. ind(m, n). The totality of 4-vectors y such 
that (x, y) = 0 amounts to 
2814 + 26. ind(m, n) + 27. s-ind(m, n). 
The last expression for vO(x) is obtained by using Lemma 1. 
Proof of (ii). There is no a-type 4-vector y satisfying (x, y) = 1. The 
P-type 4-vectors y satisfying (x, y) = 1 must have the forms 
8 
y=e,+t.e- + ... +t-e. 
I? I2 18 J8 
with i=morn,i#j, ,..., j8,and n tJk=l. 
k=2 
The number of such y’s is 26 . h-ind(m, n). 
Proof of (iii). cc-type 4-vectors y satisfying (x, y) = 2 have the form 
y=2eif2ek with i=m or n and k#m,n. 
The totality of such y’s is 152. @type 4-vectors y satisfying (x, y) = 2 are 
exhausted by 
8 
y=e,+e,+tj,e,+ ... +tjaels with m, n # j,, . . . . j, and n jk = 1. 
k=3 
The number of such y’s is 26. ind(m, n). Thus we have 
vZ(x) = 152 + 26. ind(m, n). Q.E.D. 
The next lemma is similarly proved, and we give the result without 
giving proofs. 
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LEMMA 3. Let the notations be as before. Let x be a p-type 4-vector and 
let supp(x) = u be an octad in 0,. Then the numbers v,(x) (r = 0, 1, 2) are 
given bll 
(i) v(,(x) = 21 lO+ 48~Ju) + 26 .pz(u) + 2’ .p,Ju), 
(ii) v,(x) = 512 + 32pq(u) + 32pz(u), 
(iii) v,(x) = 56 + 8pJu). 
Using the data (9))( 11) together with Lemmas l-3, we get the invariants 
V,.(X) with their multiplicities for three even unimodular extremal lattices 
S,, Q2, and g!3 of rank 40. 
Here we explain how the multiplicities are obtained. In the case of S,, 
there are four different a-type 4-vectors x = &2e, f 2e, with the same 
supp(x ) = (nz, n). Therefore, there are 4 x 20 = 80 a-type 4-vectors x with 
ind(supp(x)) = 0, 4 x 380 = 1520 a-type 4-vectors x with ind(supp(x)) = 9, 
and 1520 a-type 4-vectors x with ind(supp(x)) = 12. The numbers v,(x) 
(Y = 0, 1,2) depend only on the ind(supp(x)) for a-type 4-vectors x. There 
are 2’= 128 ,/?-type 4-vectors x with the same supp(x) ED,. Therefore, 
there are 128 x 285 = 36,480 b-type 4-vectors x in !i!, . In 2, , each P-type 
4-vector has the same v,(x). In this way, we can determine the values of 
V,.(X) and their multiplicities for each L),, (A= 1, 2, 3). 
We give the values of v,(x) and their multiplicities in Tables I-III. 
By the tables, we can conclude 
THEOREM 1. Three even unimodular extremal lattices of rank 40, (! 1, 2,) 
and QJ, are not isomorphic to one unother. 
From Tables III11 and the relation (6) we obtain the representation 
number u( T,, 2,) of 2T, by the lattice Q,,: 
u( T,, 2, ) = 984,327,840, a( T, , S , ) = 284,835,840, a( T1, 2, ) = 7,040,640, 
u( T,, $?) = 994,281,120, a( T,, 2,) = 278,200,320, a( T2, 2,) = 8,699,520, 
u( T,, Qx) = 1,011,975,X40, u( T,, Q!,) = 266,403,840, a( T,, 2,) = 11,648,640. 
TABLE I 
The L?, Case 
\‘,(X) v,(x) v*(x) Multiplicity 
r-type 4-vector 24.702 7296 152 80 
26,430 6144 440 1,520 
27,006 5760 536 1,520 
p-type 4-vector 24,702 7296 152 36,480 
EXAMPLES OF RANK 40 UNIMODULAR LATTICES 127 
TABLE II 
The I?!2 Case 
vdx) l’,(X) V?(X) Multiplicity 
a-type 4-vector 26,430 6144 440 2,800 
28,134 4608 824 320 
b-type 4-vector 24,702 1296 152 20,480 
25.218 6912 248 15,360 
26,430 6144 440 640 
A Siegel theta-series of degree 2, 9,(Z, I?,), attached to the lattice !II~ is a 
Siegel modular form of weight 20 (see [ 17]), where Z is the variable on the 
Siegel upper half-space of degree 2. The expression 
9,(Z, Q!,) = C a( T, 2,) exp(2Ca( TZ)), 
r 
where T runs over all positive semi-definite semi-integral symmetric 
matrices of size 2 and CJ is the trace of the matrix, is the Fourier expansion 
of 9,(Z, II?,). 
We can quite easily prove that theta-series of degree 1, $,(z, 2,) 
(II= 1, 2, 3), are all identical, by using the facts that (i) the dimension of 
the space of elliptic modular forms of weight 20 is 2 and (ii) no lattice L?!, 
represents 2. This yields that 9,(Z, L?!,) - 9,(Z, f!,) (k #h) is a cusp form of 
weight 20. Our above calculation of a(T,, 2!,)‘s proves that $,(Z, f?,) - 
‘J2(Z, 2,) are nonvanishing cusp forms. By the structure theorem of Siegel 
modular forms of degree 2 (Igusa [4]), the dimension of the space of 
Siegel modular forms of degree 2 is 3, and we take s4s6~,,,, E:x~~, XT, as a 
basis of this space. sq (resp. s6) is the normalized Eisenstein series of 
degree 2 and weight 4 (resp. 6), and xl0 (resp. xlZ) is the normalized cusp 
form of weight 10 (resp. 12). 
TABLE III 
The ti3 Case 
v,(x) v,(x) h(X) Multiplicity 
a-type 4-vector 26,430 6144 440 2,960 
31,038 3072 1208 160 
/I-type 4-vector 25,278 6912 248 30,720 
26,430 6144 440 5,760 
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TABLE IV 
a(!, 1, 1) dl,O, 1) a(!, 1, 2) 42, 2, 2) d.L 1, 2) 42.0, 2) 
E4”6XlO 1 -2 ~ 280 59,616 - 153,000 187,328 
EqZX,2 1 10 392 44,064 352,440 1,701,440 
XT0 0 0 0 I -4 6 
We give some of the Fourier coefficients ~(a, b, c) of E~E~x,~, &:x12, and 
XT,, in Table IV. 
Note that T,, = (2, 0, 2), T, = (2, 1, 2), and T, = (2, 2,2). 
We can prove 
THEOREM 2. Let the notations be as above. We have 
9,(Z, 2,) - 9,(Z, 2J = -1,658,880& 
9,(Z, ii?,) - ,!J2(Z, 2,) = -2,949,120&. 
Proof: Since !$(Z, Q ]) - &(Z, 2,) is a cusp form of weight 20, this 
series is expressed as 
TABLE V 
The Matrix KC.;) 
~1lll1ll1l11ll111lll 
llloollllololoooollo 
lolloollllololooooll 
!lo1looll1lololooool 
11101100111101010000 
l01101l0011110101000 
loollo1lool1llololoo 
10001101100111101010 
10000110l10011110101 
l1ooool1ollooll1lolo 
loloooollolloo111lol 
11010000110110011110 
1ololoooollo1loolll1 
l1ololoooollo1loo1ll 
11101010000110110011 
lIIlolo1oooollollool 
11111010100001101100 
10111101010000110110 
loollllo1oloooollo1l 
1lool11lololoooollo1 
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with some constants c, , c2, and cX. By virtue of the values in Table IV, and 
the values a( T,, L?,,), we know immediately that 
c, =c2=0 and cg = - 1,658,880. 
The second equation of Theorem 2 is similarly shown. Q.E.D. 
Remark. Theorem 2 suggests that the Siegel theta-series of degree 2 
would be a tine invariant for the equivalence classes of even unimodular 
extremal lattices of rank 40. 
From this remark we may pose the following 
Problem. Is each extremal even unimodular lattice of rank 40 dis- 
tinguishable by its Siegel theta-series of degree 2? 
APPENDIX 
We give the generator matrices C$) (h = 1, 2, 3) of the doubly even self- 
dual [40,20] code tIh with minimal weight 8. Each matrix has the form 
C$) = (Z,,K$,‘), where I,, is the unit matrix of order 20. Therefore giving 
the matrices K$,’ of order 20 is enough (Tables V-VII). Row vectors of CL!) 
form a basis of the code 6,. 
TABLE VI 
The Matrix K’$’ 
01111111111111111111 
11010100011000111011 
11111100101001001100 
10010010110101111100 
11011001110011100010 
10011111001100100110 
11101010011110101000 
11110011000101001011 
11000111100010101101 
10100101111101100001 
10011001101110011001 
11101000100100110111 
11110101010110010100 
11000110101111010010 
10100001001011111110 
10101111110000011010 
10001100010111001111 
11001011011001010101 
10110010111010000111 
10111110000011110001 
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TABLE VII 
The Matrix K$,’ 
01111111111111111111 
11110010101011001010 
11111000011101100001 
11110101001110010100 
10101110011010011001 
10011111001001101100 
11001110101100110010 
10010101111001010011 
11000011111100001101 
10101001111010100110 
10000000001111111111 
11001101010111001010 
10100111100111100001 
10011010110111010100 
11011001100010111001 
11100100110001111100 
10110011010100111010 
11101011000001010111 
10111100100100001111 
11010110010010100111 
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